This paper presents a necessary and sufficient condition for global convexity of planar curves and some applications of this condition. In addition, various ideas about the concept of convexity in CAGD are discussed. © 1997 Elsevier Science B.V.
I. Introduction
In computer aided geometric design (CAGD), convexity is important as an intuitive geometric concept. In the literature on CAGD this concept is described in diverse ways, or it is used without an explicit definition (Farin, 1993; Wang, 1989; Liu, D., 1980; Goodman, 1989; Shi, 1994) .
Definitions on convexity usually are tied with the mathematical disciplines considered: functional analysis, differential and integral geometry, and CAGD. Although the analysis of convexity made in the first three disciplines has some application in CAGD, a further revision of the concept will be helpful for answering some typical questions in CAGD. One point, for example, is that in differential and integral geometry (Berger, 1988; Wu, 1983) and integral geometry (Ren, 1988; Santol, 1988) , mainly the convexity of planar, simple, closed curves is investigated. In functional analysis the concept of convex function is based on the notion of 'convex set' ((Hartman and Fang, 1993) and any book on this concept), or only the convexity of single-valued functions is considered.
Since the parametric curves in CAGD are possibly open, nonsimple or nonsinglevalued, it is not evident that the above concepts of convexity can be used easily in CAGD. In CAGD, many important results about convexity were obtained, such as the convexity of B-spline curves in (Liang, 1982) and (de Boor, 1988) ; and the convexity of B6zier curves in (Liu, D., 1980) . However, these results are connected with special methods are therefore not applicable to general curves.
In the present article the authors introduce definitions of global and local convexity and they compare with other definitions made by several authors (Section 2). A necessary and sufficient condition is given for global convexity of a general planar curve, whether open or closed, simple or nonsimple (Section 3). Some applications of this condition are given in Section 4.
Convexity for planar curves
A planar curve is defined as follows.
Definition 2.1. An oriented planar curve is an ordered set in ~2, given by
P(t) = [x(t),y(t)], t e [0, 1], (2.1)
with direction from t = 0 to t = 1.
If P(u) = P(v) with 0 < u ¢ v < 1, then P(u) is a selfintersection point; if P(t) is differentiable at P(u) and P'(u) = 0, then P(u) is an irregular point.
If P(t) has no selfintersection point, then P(t) is simple. If P(t) is differentiable and has no irregular points, then P(t) is said to be regular. Continuous and smooth curves, or simply, Ct-continuous curves with l > 0, can be defined in the usual way. Discontinuity of a curve is not excluded.
As shown in Fig. 1 , a planar curve may have supporting lines, which are defined as follows. Definition 2.2. A global supporting line of an oriented curve P(t) at point P(to) is an oriented line, L, having consistent direction with P(t) in to, and satisfying (1) P(to) is a point of L; (2) The entire curve P(t), t E [0, 1] , lies in one closed half-plane with respect to L.
A consistent direction on L in to is the direction obtained by projection of the direction of P(t) in a 'left' or 'right' neighborhood of to, onto L, where the choice for left or right is determined by the smallest 'distance' between neighborhood and L.
L is a local supporting line if (2) is replaced by (2') A local neighborhood P(t), t E [t,, t2] , of P(to), lies in one closed half-plane with respect to L, where tl and t2 satisfy 0 ~ t 1 < t 0 < t2 ~< 1 or 0 = tl = to < t2 ~< 1 or (2.2) O~<tl <to=t2= 1. Remark 2.3. In contrast to the definition of supporting line in (Ren, 1988) , we here insist on the direction of a supporting line. It is easy to show that a tangent line at a point, when it does exist, is the only possible supporting line at this point.
From Definition 2.2, it follows that any global supporting line is a local one. The converse is not true.
If a tangent line exists at a given point and this point is not an inflection point, then it is a local supporting line (see Fig. 1 ).
Definition 2.4. P(t), t E [0, 1], is a globally convex curve if it satisfies:
(1) There is at least one global supporting line at every point of P(t); (2) The entire curve lies in the right closed half-plane with the supporting line as its left boundary, as shown in Fig. 2(a) .
, is a locally convex curve if in (1) the global supporting line is replaced by a local one, and (2) is true only for a related local neighborhood, as shown in Fig. 2(b) .
Similarly, a concave curve can be defined as in Definition 2.4 with 'left' and 'right' interchanged.
From Definition 2.2, it follows that any globally convex curve is locally convex. But the converse is not true.
Remark 2.5. The convexity of a curve depends on its direction. By inverting the direction, a convex curve turns into a concave one. In this way, it is a little odd that a closed convex curve also can be seen as a concave one. But without direction, convex and concave curves can not be identified properly.
In (Farin, 1993 ) a convex curve is defined as a part of the boundary of a convex set. Let us derive that the boundary of a convex set, if properly oriented, is a globally convex curve. In (Ren, 1988) , supporting lines are defined for boundary points of a convex set. There the whole set, and thus the boundary, lies in one half-plane of any supporting line. That is, a supporting line is a global supporting line of the boundary curve of the set. The Hahn-Banach theorem (see for instance (Ren, 1988) ) states that at least one supporting line exists at every boundary point of a convex set. This implies that the boundary curve of a convex set is a global convex curve by Definition 2.4 if the curve is oriented properly. So, the definition in Farin (1993) is included in Definition 2.4. A convex curve is shown in Fig. 3(a) . The same curve with different orientation, as shown in Fig. 3(b) , is not convex. Anyway, it is not easy to verify the convexity of a concrete curve in CAGD by Farin's definition.
Another widespread definition for a convex curve P(t) is that it is a curve such that any straight line crosses P(t) at most twice (Goodman, 1989) . Then a curve which contains a straight line segment should be specially considered. One advantage of this definition is that the convexity property is a direct result of the variation diminishing property, a well-known property of B-spline curves proved by Schoenberg (1953) and of fl-spline curves proved by Goodman (1985) . Using this property, it follows with this definition that Brzier and B-spline curves are convex if the corresponding control polygons are convex. This is the typical argument used in CAGD on the convexity of Brzier curves. Since this definition can not distinguish a convex curve from a concave one, the convexity- preserving property only ensures that a convex control polygon generates a convex curve. This convex curve might be concave by Definition 2.4. Example 4.2 below presents curves which are concave while the corresponding control polygons are convex. Actually, Btzier and B-spline curves preserve convexity in the sense of Definition 2.4. Liu, C. and Traas (1996) present a geometric proof of the convexity preserving property of nonuniform rational B-spline curves. We remark that the variation diminishing property heavily depends on the existence of a control polygon, while convexity of a curve exists independent of a control polygon.
In (Liu, D., 1980) , a convex curve is a locally convex one without any singular point I. In general, such a curve is not globally convex, as shown in Fig. 8 
(a).
We here give some results about planar, regular, simple, closed convex curves as presented in (Wu, 1983) and in other textbooks about differential geometry. Lemma 2.6. A line segment from P(tl) to P(t2) is a part of P(t) if the tangent lines at P(tl) and P(t2) coincide. Lemma 
A simple closed regular C2-continuous curve is globally convex if and only if the curvature at every point on the curve is nonpositive.
Remark 2.8. Lemma 2.7 is also true for a G2-continuous curve. The reason is that the curvature of a curve is independent of its parameter and that a G2-continuous curve is C2-continuous with respect to the arc-length parameter. For more details about G-and C-continuity, see (de Boor, 1988; Shi, 1994) .
In the following sections only planar regular curves are considered, unless stated differently.
A necessary and sufficient condition for convex curves
In CAGD, there is a result about the local convexity of planar curves. 
where P(t) is C2-continuous, P'(t), P"(t) are first and second derivatives of P(t), and x'(t) x"(t) P'(t) x P"(t) = = :c'(t)v"(t) -y'(t)z"(t).
(3.2)
y'(t) y"(t)
A well-known fact is that (3.1) is true if and only if vector P'(t) is at the left side of vector P"(t) (including that the two vectors are parallel).
From Remark 2.3, the only possible local supporting lines here are tangent lines, therefore convexity is equivalent to the fact that the sufficiently small neighbourhoods always lie at the right sides of the tangent lines. Therefore the proof of this theorem is easy and is omitted. Wang (1989) defines a convex curve by imposing (3.1). Actually, this definition produces only locally convex curves.
Let us begin with the following lemma. 
Pc(t) satisfies Pc(t) ¢ Pc(O)forO < t ~ 1 if Pc(O) ¢ Pc(I).
Proof. Suppose the stated conditions are satisfied. If the half tangent line at Pc(0) and the inverse half tangent line at Pc(l) do not intersect, M0 and M1 are defined as the infinite points of these half lines.
Otherwise, as shown in Fig. 4 , the points M0 and M1 are chosen as follows
M is the intersection point of the tangent lines at Pc(0) and Pc(l). Then define M0 = M1 =M. By (3.3) and (3.4), both M0 and MI are at the left of Pc(l) -Pc(0). A and B are between M0 and P0, M1 and P5 respectively, and AB is parallel to PoPs, PI, P4 are between P0 and A, P5 and B respectively. P2, P3 are between A and B such that A, P2, P3 and B are ordered points on AB.
Since PoP1PzP3 P4P5 is globally convex, the related Bfzier curve is globally convex 2, too. Denote this curve as Pc(t), then Pc(t) has given endpoints and tangent lines at the endpoints.
A B
Pc ( The following relationships between chords and tangents exist. Theorem 3.3. If P(t) is globally convex, then inequalities (3.9)-(3.11) are satisfied. tE [0,11. (3.11) Proof. The global convexity of P(t) implies the local convexity of P(t), hence (1) is true by Theorem 3.1.
Note that P'(t) is the tangent vector, hence the direction of the supporting line at P(t).
By Definition 2.4, P(0) is at the fight side of the supporting line, therefore, (1) P(to) = P(0); (2) P(to) = P(1);
) P(t) lies on the line segment P(O)P(to) for all t E [0, to]; (4) P(t) lies on the line segment P(to)P(1) for all t E [to, tl], where tl satisfies tl = 1 or P(tl) = P(I).

Proof. If P(to) = P(O), (P(to) -P(O)) × P'(to) = 0 is always true. Now assume that P(to) ¢ P(O), then (P(to) -P(O)) × P'(to) = 0 implies that P'(to) is parallel to the line segment P(to)P(O). Therefore P(to)P(O) is on the tangent line at P(to).
If the direction of the tangent line at P(to) is from P(0) to P(to), the entire curve lies at the fight side of this tangent by Definition 2.4. So the tangent line at P(0) cannot be directed to the left of the tangent line at P(to). This implies
P'(O) × (P(to) -P(O)) /> 0.
In view of (3.11) we have
P'(O) × (P(to) -P(0)) = 0.
Let s E [0, to] such that P(s) has the greatest distance to the line P(O)P(to) among all points P(t), t C [0, to]. We show that this distance must be zero. The tangent line at (3) is true with tl = 0. This situation is shown in Fig. 5(a) . On the other hand, the tangent line at P(to) can be directed from P(to) to P(0). If to = 1, then (3) is true, as illustrated in Fig. 5(b) .
P(s) is parallel to P(O)P(to), and P(0) lies at the left of this tangent. But in view of global convexity, P(O) should lie at the fight side. This implies that P(s) is on the line P(O)P(to) and thus
If to ~ l, consider a composed closed curve given by P(t) with t E [0, to] and a line segment P(to)P(O), as shown in Fig. 5(c) . This composed curve is globally convex. The curved part is at the fight of P(to)P(O), the tangent line at P(to). Let K = {t E It0,1] I P(t) = P(O)}. If K is empty then take tl = 1. Otherwise take tl = minK. Then the segment P(t) with t E (to, t,) is at the fight side of P(to)P(O). 
( "\ P(o) P(1)--P(to) P(0) P(1) P(to) (b) without line segment (c) with line segment P(to)P(1)
Fig. 5. (P(t) -P(0)) x P'(to) = 0 in convex curves.
If this segment is not a part of the line P(to)P(O)
, there is at least one interior point of the composed closed curve such that P(t) with t E (to, tl) passes through this interior point. The tangent line at this interior point has at least one intersection point with the segment P(t), t E (0, to). Then the entire curve can not be at the right side of the tangent line at the interior point, which contradicts the assumption of global convexity of P(t). [] Proposition 3.5. /fP(Q is globally convex and P'(O) x (P(to) -P(O)) = O for some to, 0 <. to ~ 1, at least one of the following statements is true.
(
1) p(to) = e(o); (2) e(to) = P(1); (3) P(t) lies on the line segment P(O)P(to) for all t C [0, to]; (4) P(t) lies on the line segment P(to)P(1) for all t E [to, ~1], where tl satisfies tl = 1 or P(t,) = P(1).
The proof of this proposition is similar to that of Proposition 3.4 and is omitted.
Lemma 3.6. lf P(t) satisfies inequalities (3.9)-(3.11), and P(t) # P(O) for t E (0, 1), (3.13)
then P(t) is simple.
Proof. By (3.9), P(t) is locally convex.
Suppose that the conclusion is not true, then P(t) has at least one selfintersection point, i.e., there are t~, t2 such that P(tl) = P(t2) ~ P(0), 0 < ti < t2 < 1.
(3.14)
Consider the segment curve F: P(t) with 0 < tL ~< t ~< t2 < 1. F is a closed curve. If F and P(0) are on a common line then it easy to show that the farthest point of F away from P(0) would be an irregular point, which contradicts the assumption of regularity of P(t).
Otherwise, there exists at least one line at P(0) such that F extends to both sides of this line. Chosen a point A ¢ P(0) on this line, we obtain a oriented line P(O)A, with direction from P(0) to A. Because F is a planar close curve, there is at least one intersection point of F with P(0)A, such that F crosses P(O)A from the right to the left. Assume that the intersection point is P(to), to E [tl, t2] , then (A -P(0)) x P'(to) >10.
( 3.15) By (3.11), the whole curve is located at the right of P~ (0), i.e., the tangent line at P(0). This implies that both P(to) and A are at the same side of P~ (0), therefore there is an a t> 0, such that (0)) and (P(to) -P(0)) x P'(to) = c~(A -P(0)) x P'(to) >10. 
P( to) -P(O) = a( A -P
P(to) -P(O) ¢ O. (3.18) This implies that the common lines P(to) -P(O) and P(O)A are the tangent line at P(to).
From (3.9), P(t) is locally convex. Hence, as a part of P(t), F cannot cross P(O)A at P(to), except that there is a common segment of P(O)A and of F around P(to).
Because F is at different sides of P(O)A, a part of F consists of a line segment and two curved segments at two endpoints of the line segment, at different sides of the line segment. This part of F cannot be locally convex at one of the two endpoints. This result contradicts the local convexity of P(t). Hence, a selfintersection point is impossible. [] Lemma 3.7. If P(t) is a closed curve satisfying inequalities (3.9)-(3.11) and (3.13),
then P(t) is globally convex.
This is a direct result of Lemmas 3.6 and 2.7.
Lemma 3.
8. An open curve P(t) is globally convex/f (3.9)-(3.11) and (3.13) are satisfied.
Proof. From (3.10) and (3.11),
i.e.,
This implies a new convex curve Pc(s), s E [0, 1], satisfying the conditions of P(t) at P(1) and P(0) by Lemma 3.2. Since P(t) is open, P(0) ~ P(1), also by Lemma 3.2,
On the basis of the comments following Theorem 3.3, Pc(s) satisfies (3.9)-(3.1 l) with Pc(l) = P(0). Now the curves Pc(s) and P(t) together form a closed, G2-continuous curve satisfying the conditions in Lemma 3.7, hence it is a globally convex curve.
The global convexity of P(t) follows from the fact that it is a part of a closed globally convex curve. [] Combining Theorem 3.3 with the Lemmas 3.7 and 3.8, the main result can be stated as follows. Remark 3.10. Inequality (3.13) is implied by either of the following inequalities.
P'(O) x (P(t) -
(3.20) or (3.21) can be easily verified using (3.10) or (3.11). In many cases, both (3.20) and (3.21) are true.
The following Corollaries 3.11-3.12 are more convenient in applications than Theorem 3.9.
Corollary 3.11. P(t) is globally convex if (3.9), (3.10) and P'(O) x (P(t) -P(0)) < 0, t E (0, 1); (3.22) are satisfied.
Evidently, (3.22) implies (3.20), hence, (3.13) . It also implies (3.11) by a continuity argument. The conclusion follows from Theorem 3. Corollary 3.12. P(t) is globally convex/f (3.9), (3.1 1) and
Remark 3.13. Eq. (3.13) is necessary for Theorem 3.9. If (3.13) is not true, the conclusion may be wrong. A composed curve, produced by many different closed convex curves with point P(0) = P(1) and common tangent line P'(0) = P'(1) at the common point, satisfies (3.9), (3.10) and (3.11), but is not a globally convex curve, as shown in Fig. 6 , unless all these closed curves coincide. This is the only kind of globally convex curves which is not implied by Theorem 3.9.
Remark 3.14. In part of the literature, such as (Liu, D., 1980) , an open curve is defined as convex if it has nonpositive curvatures, without any singular points. This curve is only simple and locally convex, but in general not globally convex (Certainly, it is globally convex from Lemma 2.7, if it is closed).
An example is shown in Fig. 7 . For this simple curve, (3.13), (3.9) and (3.10) are true, but (3.11) is not true, because the curve lies at different sides of P'(0). Remark 3.15. Nonconvex curves with (3.13), (3.9) and (3.11), but without (3.10), are shown in Fig. 8 . 
Examples
Theorem 3.3 can be easily used to identify the convexity of concrete parametric curves. Here are two examples. Hence, this cubic B6zier curve is locally convex only if c~ ~< 1. Therefore the local convexity of a control polygon does not imply the local convexity of its B6zier curve. It is globally convex if c~ ~< 0, i.e., if the control polygon is globally convex.
If the Pi, i --0,..., 3, are considered as 4 consecutive control points out of a set of control points associated with an uniform knot-sequence {...,-1,0, 1,...}, then we find the corresponding cubic polynomial spline segment:
1 ( (-6 -2ol)t 3 -1-(9 + 3oe)t 2 + (3 -30~)t + o~ -3 ) P(t)= -6 -3t 2+3t+5 k / For this segment applies:
P'(t) x P"(t) = -2 + (3 + c0t(1 -t) ~< 0 if and only if c~<5;
(P(t) -P(O)) x P'(t) = -~t2(6-(3 + ~)t(2-t)) ~< 0 if and only if c~<3;
P'(O) x (P(t) -P(O)) = -~t2(6-(3 + a)t) <~ 0
if and only if a~<3.
Hence, this cubic B-spline curve is locally convex only if c~ ~ 5. Therefore the local convexity of the control polygon does not imply the local convexity of its B-spline curve. It is globally convex if c~ ~< 3. This B-spline curve can be seen as a B6zier curve with a control polygon given by ((a -3)/6,5/6), (-1/3, 1), (1/3, 1), ((3 -c~)/6,5/6).
In case of ~ <~ 3, this polygon is globally convex. This example shows that it is helpful to have a proper concept of convexity whenever we want to use the convexity preserving property of B6zier and B-spline curves. In this case,
P(t) = Plgl(t) + P292(t).
(4.5)
This polygon is always convex, and the curve is a parabolic curve, thus also convex. Theorem 3.3 confirms this fact in an exact way.
By (4.5), 
P'(t) × P"(t)
=
(P(t) -P(O)) x P'(t) = gl(t) -gl(O) 9',(t) = 9,1 912 t2 Pt x P2.
92(t)-92(0) g~(t) 92, g22
Note that the control polygon PoP, P2Po is convex if P, x P2 ~< 0 and concave if P1 × P2 >/0. Therefore P(t) preserves the global convexity or concavity of the control polygon if and only if P'(t) × P"(t), P'(0) × (P(t) -P(0)) and (P(t) -P(0)) × P'(t) have the sign of P1 × P2. From (4.6) follows that this is equivalent to 9,, gl2 />0, g21 g22 which is independent of the parameter t.
Specifically, if Here P(t) does not preserve the convexity of its control polygon.
Conclusion
Compared with the conditions in Definition 2.4, inequalities (3.9), (3.10) and (3.11) are quite simple. These inequalities are elegant and similar in form. They are widely applicable in CAGD, as shown in Section 4. Also for closed curves, Theorem 3.9 has its own advantage. A restriction of Lemma 2.7 is that the curve should be simple. With Lemma 3.6, this condition is implied by the inequalities. Therefore when using Theorem 3.9 to a concrete curve it is not necessary to check whether there is a selfintersection point or not.
